Let K = [0, ∞) × R be the Laguerre hypergroup which is the fundamental manifold of the radial function space for the Heisenberg group. In this note we give another characterization for a subspace of S(K) (Schwartz space) such that the Radon transform R α on K is a bijection. We show that this characterization is equivalent to that in [M.M. Nessibi, K. Trimèche, Inversion of the Radon transform on the Laguerre hypergroup by using generalized wavelets, J. Math. Anal. Appl. 208 (1997) 337-363]. In addition, we establish an inversion formula of the Radon transform R α in the weak sense.
Introduction
In the past decade research on Radon transform has made considerable progress due to its wide applications to partial differential equations, X-ray technology, radio astronomy and so on. For the basic theory and further results of Radon transform we refer readers to the book [1] by S. Helgason and the references therein. The combination of Radon transform and wavelet transform has proved to be very useful both in pure mathematics and its applications. Recently, various authors deal with the inversion formula of Radon transform by using inverse wavelet transform (see [2] [3] [4] [5] ). When one considers the problems of radial function on the Heisenberg group, the fundamental manifold is the Laguerre hypergroup K = [0, ∞) × R. In [3] , M.M. Nessibi and K. Trimèche defined the Radon transform R α on K, and characterized a subspace S * ,2 (K) of Schwartz space on which the Radon transform R α is a bijection. Moreover, they obtained an inversion formula of the Radon transform on S * ,2 (K) by use of the generalized wavelet transform. In this note we give another characterization which seems to be natural, we show that this characterization is equivalent to that in [3] . In addition, we obtain an inversion of the Radon transform on K in the weak sense.
Let K = [0, ∞) × R, α 0, the Radon transform R α on K is given by
where T (α) (x,t) , (x, t) ∈ K, are the generalized translation operators on K defined by
Let dm α (x, t) be the positive measure on K given by dm α (x, t) =
The convolution product of f and g on K is defined by
m being the Laguerre polynomial of degree m and order α. The generalized Fourier transform on K is defined bŷ
Let L 2 α (R × N) be the space of measurable functions g :
where dγ α denotes the positive measure defined on R × N by
Specially, one has the Plancherel formula
And if f ∈ L 2 α (K), then inversion of the generalized Fourier transform holds
Also, the identity (7) is valid with the convergence of the integral in the weak sense, i.e., taking the inner product of both sides of (7) with any g ∈ L 2 α (K), leads to a true formula. Let S(K) denote the Schwartz function space on K, i.e., for all k, p, q ∈ N,
for all j ∈ N and for all x ∈ R. M.M. Nessibi and K. Trimèche proved that the Radon transform R α on S * ,2 (K) is a bijection. By using wavelet inverse transform they obtained an inversion formula of the Radon transform on this space.
. Now we suppose that S R α (K) is a subspace of S(K) on which the Radon transform R α is also a bijection, then for any f ∈ S R α (K), R j α (f ) ∈ S R α (K) for all j ∈ I, where I is the set of all integers. Of course, R
we then get
It is natural to define
Now we are going to show that
we define a function f in terms of its Fourier transform bŷ
Then we have R α (f ) = g. For f ∈ S(K), by Proposition II.8 in [3] we can see that
We are now in a position to state our main results.
Main results and proofs
At the beginning of this section, we shall show that S R α (K) = S * ,2 (K). In order to do this we need following notation. By induction we can obtain that f (
Theorem 1. Let f ∈ S(K). Then
g 1 (x, y) = 1 0 D 2 f (x, ty) dt.(11)x, t) = t k g k (x, t), where k ∈ N, g k ∈ S(K), D j 2 g k (x, 0) = 0 for all j ∈ N. 2
Theorem 2. S * ,2 (K) = S R α (K).
(12)
Clearly,f (x, λ) ∈ S(K).
For a given α 0, we choose a positive integer m such that m − 1 < α m. By Theorem 1, we havẽ
for all j ∈ N. Taking the generalized Fourier transform for f (x, t) on K, we then get
By the Plancherel formula we have
Because of f ∈ S(K), we can see that for all j ∈ N, D j λf (λ, k) = 0 at (0, k), which implies
for all j ∈ N and for all x ∈ R. That is, f ∈ S * ,2 (K). This concludes the proof of Theo-
Clearly, the Radon transform R α on this space is also a bijection. For α 0, we denote by L α the operator defined on S * ,2 (K) by
It is easy to see
Then g is called a generalized wavelet on K if there is a constant C g ∈ (0, +∞) such that for all m ∈ N and λ = 0,
(see [3, p. 359] ). Let g ∈ S * ,2 (K) be a generalized wavelet on K. For 0 = a ∈ R, the functions g a and g a, (x,t) are respectively defined by
Then we find
In fact, this identity can be proved by taking the generalized Fourier transform on both sides. Now we define an operator Φ g on L 2
We thus get
Therefore, we have
Also, the formula (17) holds in the weak sense.
Proof. The proof is similar to that of Theorem VI.1 in [3] . We first should notice the following facts: Taking the inverse Radon transform R −1 α on f , we obtain our desired result. 2
